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Classical, qguantum and topological phase transitions

Landau classification Ehrenfest classification
Discontinuous Continuous First Order Phase Transition
Crystal Liquid Ferromagnet Paramagnet
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Topological phase transitions
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Topological phases are not characterized by

symmetry-breaking, but rather by topological What happens at finite temperature??
invariants: transitions captured by change of

invariant, non-local order parameter



Hill thermodynamics

Finite size effects are important!

Ey =TS — pVe + ulNg

S¢ : total entropy

Ve =VN: total volume

N¢: total number of particles
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p is the pressure per subsystem

—pVdN work done by the subsystems

Integrating at constant V
E, =TS + uN; — pV N
Dividing every term by N
E=TS+uN —pV
E=TS+uN —pV + ¥

Subdivision potential

x=@-DV

T. L. Hill, Thermodynamics of small systems, 1st ed. (Courier Corporation, New York, 1994).



Hill thermodynamics

The partition function

~ ~ ‘Qn—ext= X
Z = z <me|e(H—uN)|me> LA
WYm
Z = Tr{exp(H — pN)} | Qext=-—p\Z :
The grand potential in the Hill thermodynamics | | |
formalism
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T. L. Hill, Thermodynamics of small systems, 1st ed. (Courier Corporation, New York, 1994).



Phase diagram

Non-Hermitian SSH model
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K. Kawabata, K. Shiozaki, M. Ueda, and M. Sato, Phys. Rev. X 9, 041015 (2019)
R. Arouca, C. H. Lee, and C. M. Smith, Phys. Rev. B. 102, 245145 (2020)




Thermodynamics of non-Hermitian systems

Thermodynamic description of intrisically open system
Biorthogonal basis (Lprﬂqlr%) = 8,

HWY, )R = ¢, | ¥ )R

Complex thermodynamic potentials? No!!

A

HT W)t = €| W)" »
— Pseudo-Hermitian symmetry:

Energies come in complex
conjugated pairs

L L R
Z = Z <le|e(H—HN)|me) H=nHMm!
WYm

~ —~ n= |me>LL<LPm|
Z = Tr{exp(H — uN)} Zm

B. Gardas, S. Deffner, & A. Saxena, Scientific Reports 6, 1 (2016)



Entanglement entropy of the nH-SSH model
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C. Ortega-Taberner, L. Rgdland, and M. Hermanns, Phys. Rev. B. 105, 075103 (2022)




Entanglement entropy of the nH-SSH model
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Thermal entropy of the edge:
S = —01rQEg4ge = —0r(Qosc — Qsur)

Trivial and topological phase: Bulk
entropy starts at zero and grows smoothly

6/t, < 0.46: Edge entropy 0, then becomes
negative increasing T

6/t, > 0.46: Edge entropy In4 for T=0,
decays to 0 as T>0

d/t, = 0.46: Linear behavior of Bulk heat
capacity at low temperatures. Agreement
with CFT description (central charge c= 1)
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Thermodynamics of the nH-SSH model 6 = 1.1
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Thermodynamics of the nH-SSH model 6 = 1.49
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Characterization of an imaginary time crystal.

Resonance condition: ihwy, = Egyyr,+ (k)

wn = (2n + 1)wkpT/h
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Period of peaks:

CvIN

Oscillations in T spontaneous breaking of T-
symmetry in imaginary time. Emergence of
an imaginary time crystal

PH sym. Trivial

F. Wilczek, Phys. Rev. Lett. 109, 160401 (2012).
R. Arouca, E. C. Marino, and C. Morais Smith, Quantum Front. 1, 2 (2022).



Conclusions and outlook

We identified topological phase transitions for the non-reciprocal nH-SSH model at finite temperature

The entanglement entropy of the non-reciprocal nH-SSH model was studied to identify topological
phases at zero temperature

The thermodynamics of the non-reciprocal nH-SSH model agrees with the results of the entanglement
entropy for all phases

Heat capacity show that the model is a CFT fermionic system for some parameters

The entanglement entropy and the thermal entropy of the edge host fermionic zero modes in the PH-
symmetry protected topological phase

At the nBBC critical point, the non-Hermitian SSH model is not a CFT

Oscillations were observed for both, the entanglement entropy and heat capacity. For the latter this
means that there is the emergence of an “imaginary time crystal”
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